A MHD invariant and the confinement regimes in Tokamak by Spineanu, Florin & Vlad, Madalina
ar
X
iv
:1
51
2.
04
73
0v
3 
 [p
hy
sic
s.p
las
m-
ph
]  
18
 Ju
l 2
01
6
A MHD invariant and the confinement regimes
in Tokamak
F. Spineanu and M. Vlad
Abstract
Fundamental Lagrangian, frozen-in and topological invariants can
be useful to explain systematic connections between plasma param-
eters. At high plasma temperature the dissipation is small and the
robust invariances are manifested. We invoke a frozen-in invariant
which is an extension of the Ertel’s theorem and connects the vor-
ticity of the large scale motions with the profile of the safety factor
and of particle density. Assuming ergodicity of the small scale turbu-
lence we consider the approximative preservation of the invariant for
changes of the vorticity in an annular region of finite radial extension
(i.e. poloidal rotation). We find that the ionization-induced rotation
triggered by a pellet requires a reversed-q profile in an off-axis region
of the core. In the H-mode, the invariance requires the accumula-
tion of the current density in the rotation layer at the edge. Then
this becomes a vorticity-current sheet which may explain experimen-
tal observations related to the penetration of the Resonant Magnetic
Perturbation and the filamentation during the Edge Localized Modes.
1 Introduction
To understand and predict properties of the tokamak plasma it is necessary to
investigate turbulent-induced transport processes and, of equal importance,
coherent structures (like zonal flows, H-mode rotation layers and convective
cells). The analytical and numerical approaches and the methods are how-
ever largely different, from statistical theory to exact integrability. It is then
helpful to remember that both physical aspects, even if different in their
manifestation, must obey a basic set of constraints which are due to the exis-
tence of Lagrangian invariants and of frozen-in invariants. The invariants are
constraints that must be verified by any dynamical evolution of the system.
In general for real plasma (i.e. with finite resistivity and viscosity) the invari-
ance property can only be approximative, but the high temperature (typical
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for fusion reactor) reduces the collisional effects even in regions close to the
plasma edge. Then the persistence of some invariants can still be used as a
benchmark for our analytical models and for numerical simulations, similar
to the conservation of the energy or the angular momentum.
We will be interested in the invariants that include in their expression
the plasma vorticity ω = ∇× v, i.e. the sheared plasma rotation, which has
constantly been proven an important factor in the confinement. In the spe-
cific case of the tokamak, variation of the parameters composing the invariant
appear as small perturbations around the high cyclotron frequency Ωc, which
is a kind of “condensate of vorticity”. Although it is a passive component of
the “absolute vorticity” ω +Ωc = ∇×
(
v+1
2
Ωc × r
)
the high magnitude of
Ωc reduces the practical relevance of the invariant to those situations where
the physical vorticity is sufficiently high. We expect that the H-mode, the
zonal flows and the internal transport barrier belong to this class.
If the Lagrangian and the frozen-in invariants are difficult to be tested
directly, they are however responsible for another class of invariants, of topo-
logical nature.
2 Geometry versus plasma dynamics, reflected
in types of invariants
2.1 Topological invariants
Below we underline the difference between the topological invariants and
those that involve fluid advection.
There is a hierarchy of topological invariants [1] [2], the lowest and most
familiar being the Gauss linking of two lines in space, a discrete number
showing how many times one line turns around the other. If the Kolmogorov
length is a local measure of the chaotic state (i.e. the presence of the stochas-
tic instability), the Gauss linking number is a non-local variable which can
also be stochastic [3], [4], [5]. It is a quantitative measure that goes beyond
the Chirikov criterion of overlapping of chains of magnetic islands developing
at nearby rational surfaces, a criterion usually invoked for the onset of mag-
netic stochasticity [6], [7]. More generally, the lines in space can be magnetic
field lines or streamlines of the plasma flow. The fluid quantities that are
associated are the magnetic helicity whose volume density is A ·B, kinetic
helicity v · ω and cross-helicity v ·B [8]. The connection between the helicity
that is defined by the density of a continuous field in the fluid volume and the
discrete Gaussian link numbers [9] can be seen in the following way. Consider
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a set of lines γk that are closed, like in tokamak, or possibly after extending
to infinity. We take as basic fields defined in the volume of the fluid/plasma,
the magnetic potential Aµ = (Ak, A0) and the velocity vµ = (vk, c0) (where
c0 is a constant) and define the circulation as the integrals of the potential
or velocity along these lines∮
γk
A · dl and
∮
γk
v · dl
As results from the Stokes theorem, these are the fluxes of the magnetic
field B = ∇×A respectively of the vorticity ω = ∇× v through the surface
bounded by the curve γk. The freezing-in of B and respectively the Kelvin
theorem ensure that, when the line γk is carried by the flow (i.e. it is a
material curve) the fluxes remain constant. Consider the variable
exp
(∑
k
∮
γk
Aµdx
µ
)
(at fixed time x0 the integrand is identical with that of the previous expres-
sion; all calculations can be done for vµ as well) for a particular configuration
of the field Aµ and calculate the average of this quantity over an ensemble of
realizations of the field Aµ defined in space R
3. The statistical accessibility
of a state with flux
∮
γk
Aµdx
µ is given by the Boltzmann-like weight factor,
defined as the exponential of the total helicity in the volume
exp
(
−
∫
d3xεµνρAµ∂νAρ
)
The integrand is the general form of the usual helicity A ·B = A· (∇×A).
This Boltzmann factor ”penalizes” states with high total amount of helicity
in the volume by making them less accessible. It can be shown that the
functional integral∫
D [Aµ] exp
(∑
k
∮
γk
Aµdx
µ
)
exp
(
−
∫
d3xεµνρAµ∂νAρ
)
which is the statistical average of the exponential of the field fluxes through
surfaces bounded by the fixed set of closed spatial curves γk (k = 1, 2, ...) ,
over fields of all possible helicities, is the exponential of the sum of Gaussian
linking number of pairs of curves γk. The entanglement of γk’s is a purely ge-
ometric characteristic and for ideal fluids is conserved by the motion. Higher
order topological invariants can be found, with more sofisticated definitions
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[2]. The nonconservation of the topological content of the magnetic field con-
figuration is determined by reconnection. In the tokamak conditions, only
the presence of dissipation allows breaking-up and reconnections of magnetic
field lines, thus making possible transitions between classes of states with
distinct topological content. When the fluid is slightly non-ideal, low-order
topological invariants like the entanglement are robust and they still remain
relevant, while higher order topological invariants are gradually lost [10], [11].
This is better illustrated by the two-dimensional topology of streamlines of a
quasi-ideal fluid. The inverse cascade in 2D leads asymptotically to a highly
coherent state of the flow, a simple dipole in the double periodic plane do-
main, after all positive respectively negative vorticity elements have been
separated and concentrated [12]. This evolution essentially traverses a large
set of distinct topological configuration and this is possible only through
break-up and reconnection of the streamlines (i.e. violation of the Kelvin in-
variance), made possible by the finite dissipation. The dissipation is located
in very small volumes where the gradients of the magnetic field (respectively
vorticity for fluids) are very large and the ensemble of these points is fractal
in the total volume [13]. The amount of energy lost at every reconnection is
small and for this reason the total energy is still a good invariant while the
topology undergoes radical changes [14], [15].
We note from the example given above that a topological invariant does
not involve directly the dynamics of fluid motion. The topological properties
mentioned above are commonly associated to sets of lines with clear physical
meaning (magnetic lines and lines of fluid flow) whose stochastic entangle-
ment is the cause of high rate particle and heat transport. Other sets of lines
must be considered, which can be defined according to the same method as
for the magnetic field. The Clebsch representation of the magnetic potential
A = ∇θ + α∇β shows that the lines of the magnetic field B = ∇α × ∇β
are defined by the intersection of two surfaces α =const, β =const. More
generally, the two functions α and β are Lagrangian invariants that define
the frozen-in invariant B/ρ. A comprehensive explanation is presented by
Tur and Yanovskii [16]. The purpose of the above discussion is to underline
the distinction between the topology-preserving constraints and the fluid in-
variants, the latter being our subject.
2.2 Invariants of the plasma dynamics
The Lagrangian invariants are quantities I that remain constant along the
lines of flow
∂I
∂t
+ (v · ∇) I = 0 (1)
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An elementary example is the density ρ. We can see the flow as a collection of
streamlines each carying as unique label the initial point x0 = x (t = 0). This
characteristic remains the same for all moments of displacement of a particle
along the streamline and so x0 is a Lagrangian invariant. The integrals J
defined by the equation
∂J
∂t
+ (v · ∇)J = (J · ∇)v (2)
and are vector fields that are advected by the flow as frozen-in. For example,
the magnetic field B is frozen into the plasma. Frozen-in quantities can be
obtained from two Lagrangian invariants I1 and I2, as
J =
1
ρ
∇I1 ×∇I2 (3)
which is suggested by the fact that Ik (x, y, z, t) = const along the streamlines
defines a surface and the gradient of the scalar invariant is proportional with
the vector of the element of area
∇Ik ∼ ρdS (4)
Then ∇I1 × ∇I2 is the line of intersection of the two surfaces I1,2 = const.
More generally, multiplying this expression with another Lagrangian invari-
ant,
Jα =
1
ρ
εαβγεijkIi
∂Ij
∂xβ
∂Ik
∂xγ
(5)
one obtains a new class of frozen-in invariants. We note each Lagrangian
invariant is a scalar Ik while ρJ is a current in the (3 + 1) - dimensional
geometry. For the two-dimensional ideal fluid the ratio
Jω =
ω
ρ
(6)
is a frozen-in invariant. Since ω = ∇× v we have ∇· (Jωρ) = 0. For incom-
pressible fluid ∇ · v = 0, ρ = const and the equation
d
dt
(ρJω) = 0 (7)
becomes the Euler equation. For the plasma immersed in strong magnetic
field (similarly for planetary atmosphere, both being well approximated by
a two-dimensional geometry, see [17]) the invariant (Ertel) is
JE =
ω +Ωc
n
(8)
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where Ωc = Ωcêz is the cyclotron frequency (in magnetized plasma) or the
Coriolis frequency (in planetary atmosphere); êz is the unit vector perpendic-
ular on the plane. From this invariant it is derived the Charney-Hasegawa-
Mima (quasi-three dimensional) equation, governing the turbulent fluctua-
tions and the cuasi-coherent vortical structures at the level of the ion Larmor
radius [18]. If the gyration frequency is far from the frequency scale associ-
ated to the plasma motions, a natural extension of this invariant exists for
charged particles (separately for electrons and for ions), which includes the
absolute vorticity and the magnetic field [19]. It is a frozen-in invariant of
the same structure as Eq.(2)
d
dt
ω+ηB+Ωc
ρ
=
(
ω+ηB+Ωc
ρ
· ∇
)
v (9)
where η is a dimensional constant, η = |e| /m. Since we are interested in
plasma motion we will use this invariant with reference to ions. Eq.(9) is the
extended form of the Ertel’s theorem which includes the magnetic field. The
lines of force of the field
J =
∇× v+ηB+Ωc
n
(10)
are strongly influenced by the turbulence. We can choose an arbitrary point
x1 situated on a line of force of J and the value J (x1) taken in that point.
Assuming that the turbulence is ergodic another line of force, originating
from a different initial position x2 will come close to the chosen point. Since
the two lines of force are carrying different values of J (as determined by their
initial conditions) the real value that will be ”measured” is an average taken
over a small spatial patch around x1, since the viscosity will smooth out the
strong differences. The space-time evolution of J initialized at x1, requires
the fields (ω,B,n) that enter its expression to adjust themselves such as to
ensure invariance. If in a region of plasma the vorticity is higher than that
of x1 then the magnetic field B and/or the density n must compensate for
this change.
We note finally that in the invariant J are present the “relative” ω and
the “absolute” ω +Ωc vorticities (in the language of the fluid physics).
2.3 Brief comparison with the TEP invariants
Invariants that explicitely constrain the motions in plasma have been de-
rived in three basic approaches: relabeling invariance within the Hamilto-
nian formulation for fluids; analytical derivation of frozen-in and Lagrangian
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invariants as properties of the basic equations; and Turbulent Equipartition
(TEP).
Our focus will be on the MHD invariant found by Sagdeev, Moseev, Tur
and Yanovskii (SMTY), Eq.(10), which can be derived from the basic two-
fluid plasma equations. In increasing complexity, the SMTY invariant can be
seen as an extended form of well known frozen-in invariant B/ρ. Or, there
is a particularity of the latter invariant, in that it can also be derived, in
a similar form, within the concept of turbulent equipartition (TEP). Then
one can be tempted to suppose that the SMTY invariant, or other frozen-in
invariants, can also be connected somehow with the TEP. We find useful to
discuss this aspect since the two possible views on the SMTY invariant would
be substantially different and would have impact on the applications. From
the ideal MHD model
∂v
∂t
+ (v · ∇)v = −
1
ρ
∇p+
1
ρ
∇×B
µ0
×B (11)
∂B
∂t
+ (v · ∇)B = (B · ∇)v
∂ρ
∂t
+ (v · ∇) ρ = 0
one obtains
∂
∂t
(
B
ρ
)
+ (v · ∇)
(
B
ρ
)
=
(
B
ρ
· ∇
)
v (12)
and this shows that B/ρ is a frozen-in fluid invariant.
Unlike the fluid MHD the TEP essentially relies on the particle dynam-
ics. One starts from the invariants of the equations of motion of a single
charged particle: (ǫ, µ, J), which are derived in the particular geometry of
the toroidally magnetic confinement. This is much less general than the MHD
equations above. Since the free motion of the particle is periodic (gyration,
bounce on banana orbit, toroidal precession) one can introduce action-angle
variables [20]. The interaction with the turbulence leads to the loss of some
of the invariants, if the frequency of periodic motion is less than the typi-
cal frequency of the electrostatic turbulence [21]. Due to the high gyration
frequency the magnetic momentum µ remains invariant µ = v2⊥/ (2B). The
phase space can be reduced to 2D i.e. (x, y, vx, vy) where the invariant µ = µ0
defines a hypersurface. The velocity space in the laboratory frame (vx, vy)
is mapped onto (µ, ζ) where ζ is the gyrophase. The turbulence produces
uniform distribution on the hypersurface µ = const of the probability to find
the state of the particle in some infinitesimal 2D volume. We need to express
the result in the real-space coordinates which means to return from (µ, ζ) to
(vx, vy). The density which is uniform on µ = const is multiplied by the
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Jacobian of the transformation and this introduces the dependence of the
parameters [22]
n (x, y) ∼
∂ (vx, vy)
∂ (µ, ζ)
= B (13)
or n/B =const. This result is identical to the MHD result B/ρ =const (after
reduction to 2D there is no need to exhibit the vectorial nature of B). We
note that in this TEP derivation the density n occurs as the distribution
function integrated over the velocity space. This is because we know the
density on the sub-manifold determined in general by constants of motion of
the particle, like µ = const., more precisely we know that this is constant.
And we want to carry back in the laboratory frame this result. The magnetic
field B appears from the Jacobian (which is the ratio between two volume
elements) of the transformation between the two systems of coordinates:
canonical and laboratory. The physical meaning of TEP restricts the effect
to trapped electrons [22] and expects to extend to circlating electrons and to
ions through collisions.
The fact that the frozen-in invariant is also derived in TEP suggests to
explore similarities for ω/ρ (for fluids) and (ω +Ωci) /ρ (for plasma). The
latter invariant is derived for tokamak plasma starting from basic equations
[18] and in the general case from relabeling invariance [23].
3 The large scale vorticity in tokamak
Usually one encounters the vorticity as an essential field in the dynamics of
the drift wave instabilities and turbulence, i.e. at spatial scales of the order
of ρs (millimeter). In these cases one has ω = ∆φ where φ is the fluctuating
electric potential of a drift-type instability. The vorticity that is involved
in the invariant Eq.(8) is a large scale variable, resulting from the sheared
rotation velocity, either poloidal or toroidal. It refers to flows on spatial
scales of the order of the minor radius. The vorticity ω, which is the radial
derivative of the sheared velocity profile, can be localized if there are fast
variation of v (r) on the minor radius, as is the case for the rotation layer in
the H-mode or for flows associated to narrow Internal Transport Barriers.
The importance of the Ertel’s theorem asserting the invariance in Eq.(8)
is well known. The 2D compressibility of the ion polarization drift and
the assumed Boltzmann distribution of density perturbation along the mag-
netic field lines lead to a single equation for the electric potential in the
two-dimensional (poloidal plane) approximation of the drift waves, i.e. the
Charney-Hasegawa-Mima equation. The invariant Eq.(10) , which can be
seen as an extension of the Ertel’s theorem, is particularly important in
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a plasma where the zonal flows, the H-mode layer of plasma rotation and
the Internal Transport Barriers imply spatial variation of the magnitude of
plasma velocity, i.e. vorticity. When an element of plasma that initially has
a set of values (vθ, Bθ, n)
(0) is driven by the irregular motions of drift tur-
bulence in a different region, where a different magnitude v′θ is imposed by
the plasma rotation, the magnetic field (or, profile of current density) and/or
density must change, to keep Jz invariant.
Physical sources of generation of poloidal and toroidal rotation are Reynolds
stress (sustained by turbulence), Stringer mechanism, loss of ions to the lim-
iter, neoclassical intrinsic ambipolarity and, in addition, injection of torque
from external sources (NBI, ICRH) or from creation of alpha particles by fu-
sion reactions. Since all have rates with spatial variation, which is reflected
in spatial variation of the velocity, the presence of vorticity is ubiquituous.
Therefore the invariance Eq.(10) should be examined in the context of the
mentioned sources of vorticity.
In the present work we include another source of torque (and rotation),
arising from an equally ubiquituous phenomenon in the tokamak plasma, the
ionization of neutral atoms [24].
Every event of ionization of a neutral particle in tokamak plasma it fol-
lowed by the displacement of the newly born charges (electron and ion)
towards the equilibrium neoclassical orbits. The motion of the ”new” ion
on either circulating and trapped (banana) orbit is asymptotically periodic.
However there is the first interval, just after the ionization, when the ion
evolves to take the periodic trajectory, which is an intrinsically non-periodic
transient. This displacement is an effective radial current. At the end of this
finite, transitory part, the motion becomes periodic and there is no radial
current. The short and unique transient radial current, multiplied by the
rate of ionization, can produce a significat torque and plasma rotation, thus
influencing the confinement. We introduce the rate of ionization
·
n
(0)
S (x, t)
where the first factor is an average magnitude (ions/m3/s) and S (x, t) is
a function of order unity that represents the space inhomogeneity and time
non-uniformity of the rate of ionization. The total current traversing the
point x at time t is obtained by summing over all the individually short
currents
j (x, t) =
·
n
(0)
∫ t
0
dt0
∫ x
0
dx0 S (x0, t0) (14)
×Θ (t∆ − t) Θ (t− t0)× |e| vDδ (x− vDt)×Θ (x− x0)
Here (x0, t0) are the place and time of creation of a new ion, vD is the neo-
classical drift velocity and t∆ is the time of transit of the ion from its creation
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to the ”center” of the periodic orbit, i.e. the time that there is an electric
current. The distance on which the elementary contribution is non-zero is
∆ = vDt∆. The Heaviside functions Θ underline the limited time of existence
of a single contribution to the current.
The interval of existence of the current of a single ion is temporarly short
and is spatially small. Then we can expand S (x0, t0) and after integration
over the nearby contributions we obtain the expression of the radial current
j (x, t) ≈ −
1
2
|e|
·
n
ioniz
0
(
∂S
∂x
)
ρ2i q
2ε−1/2 (15)
The details of this calculation are presented elsewhere ([24]). This radial
current interacts with the magnetic field producing a torque that acts on the
new ions. Since rough estimations show that, in some particular situations,
the magnitude of the torque is comparable or higher with the Transit Time
Magnetic Damping we will focus on the poloidal rotation, which has a strong
effect on the turbulence.
4 A contribution to the reversed q profile
The pellet enhanced performance (PEP) experiments [25], [26] have shown
the formation of strong pressure gradients that drive a bootstrap current
peaked off-axis. The bootstrap current depends essentially on collisions but
within the known limits: electron-electron collisions are necessary for the
current of trapped electrons to be transferred to circulating electrons, and
electron-ion collisions saturate the bootstrap current by momentum trans-
fer to the ions [27]. At the high temperature (∼ 5 KeV ) collisions are not
frequent, νee ∼ n/T
3/2
e . It also depends on the presence of trapped parti-
cles [28] which, close to the center, are less numerous ∼
√
r/R. We note in
the following the the SMTY invariant suggests the existence of an additional
contribution that can enhance j (r, t) beyond the bootstrap current. It comes
from any local creation of plasma sheared rotation, i.e. from the creation
of a local vorticity, ω = ∂vθ/∂r. Several sources are possible, with different
degrees of effectiveness. The ICRH modifies the width of the trapped ion
banana orbits and the implicit radial excursion of the virtual center of the
bouncing ion is a radial current. This produces a sheared rotation [29]. In
[24] we draw attention to an unexplored mechanism of generating rotation,
through the radial current resulting from transitory events when a particle
changes from trapped to circulating or inversely. Changing between two pe-
riodic motions, the virtual center of the averaged position in one state is
displaced to correspond to the other state, which means a transitory radial
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displacement of a charge, therefore a radial current. ICRH and also ECRH
will show this effect and must be considered sources of ω. Finally, as men-
tioned before, the ionization of a pellet generates a radial current that can be
substantial. None of these sources of ω should be ignored but in the following
we refer in principal to the ionization-induced rotation.
Returning to Eq.(10) we will assume that the two-dimensional reduction
of J, i.e. transversal on the poloidal plane, maintains the invariance. In
this case, the invariance of Jz appears as an extension of the Ertel’s theorem
which yields the Hasegawa Mima equation [18].
The magnetic field is
B ≈
B0
R
+
1
2
B0
R
ε2
q2
+ ... (16)
Then the quantity normalized to Ωc
Jz =
ω
Ωci
+ ε
2
2q2
+ 2
n
(17)
is maintained by turbulence as an approximative constant over the area where
one can assume ergodicity.
We consider a case where a pellet reaches a deep region in the plasma
and the ionizations produce a significant radial current. Then the plasma
response, consisting of the return current generates a poloidal rotation with
radial variation, which means with vorticity ω = ∂vθ/∂r ∼ ∂
2S/∂r2. The
density has a slower response and we neglect its radial nonuniformity. It
results
− |ω|
Ωci
+
ε2
2q2
∼ const× n− 2 (18)
When |ω| increases on a zone which is off-axis q must correspondingly
be reduced in order the two terms (of opposite sign) to compensate their
change and the sum to remain approximately constant. This means that q
will aquire a minimum in that region. For a pellet, the radial variation of
the ionization S (r, t) profile can produce ω ∼ 106 (s−1) [24]. It suggests
that a sudden onset of sheared rotation on a radial interval will produce a
contribution that can lead to a reversed-q profile. The condition is that ω is
opposite to the magnetic field. The neglect of the changes of the density can
only be justified by the fast processes related to ionization, the slow changes
of n (r) having been noticed in experiments [30].
We note again that only high variations of |ω| can have a visible effect,
due to the high “vorticity background” Ωci.
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5 The density of the current in the edge H-
mode layer
In many cases the L to H-mode transition is characterized by the fast for-
mation of a narrow layer of strongly sheared poloidal plasma rotation [31].
It has also been found that the density that invades the border through the
X point is ionized and partially trapped producing a strong torque [32]. The
torque is enhanced by the loss of some of the trapped ions. The fast gener-
ation of high ω suggests to study the possible consequences imposed by the
SMTY invariant
± |ω|
Ωci
+
ε2
q2
∼ const× n− 2 (19)
We have a large increase in magnitude of the vorticity |ω| and in consequence
q must decrease. In general, at a strong modification of ω there follows a
strong modification of q.
1
q (r)
=
R
rBT
Bθ =
R
rBT
µ0
2πr
∫ r
0
j (r) 2πrdr (20)
We divide the radial interval [a− δ, a] at the edge, i.e. a poloidal shell, and
write ∫ a
0
j (r) 2πrdr ≈
∫ a−δ
0
j (r) 2πrdr +
∫ a
a−δ
j (r ≈ a) 2πrdr (21)
≈ I1 + j (r ≈ a) 2πaδ
Here we have introduced the notation
I1 =
∫ a−δ
0
j (r) 2πrdr (22)
and we note that, even if the current in the poloidal shell [a− δ, a] is signifi-
cant, the current on the surface [0, a− δ] is the main part of the current and
actually I1 is not too much different than the total current I. It is, of course,
smaller, I1 . I. With this notation we have
1
q
=
1
q (a)
+
1
q (a)
2πaδ
I1
j (r ≈ a) (23)
where
q (a) ≡
(
R
aBT
µ0
2πa
I1
)−1
(24)
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is approximately the safety factor at the edge. It results
1
q2
=
1
[q (a)]2
[
1 +
2πaδ
I1
ja
]2
We introduce a notation jI which is the density in the narrow shell [a− δ, a]
in poloidal plane
jI ≡
I1
2πaδ
(25)
This is very large since the term looks like, formally, the full current I would
be concentrated in the layer 2πaδ. Then we can expand
∆
(
1
q2
)
≡
1
q2
−
1
[q (a)]2
= 2
1
[q (a)]2
ja
jI
(26)
or
ja ≈ jI [q (a)]
2 1
2
∆
(
1
q2
)
(27)
On the other hand we have the equation derived from the invariant
∆
(
1
q2
)
≈
∆ω
Ωciε2
(28)
assuming that the density has a slower reaction to the rotation.
ja ≈ jI
1
2
∆
(
1
q2
)
(
1
[q(a)]2
) = jI 1
2
∆ω
Ωciε2
[q (a)]2 (29)
For an order of magnitude-estimate we take a variation of the vorticity
∆ω ∼ δvθ/δr ∼ 10×10
3 /0.01 (V/Tm2) = 106 (s−1) and Ωciε
2 ∼ 108×0.1 =
107. Then, for q (a) ≈ q (r ∼ a) such that [q (a)]2 ≈ 20, we have
1
2
∆ω
Ωciε2
[q (a)]2 ∼ 1 (30)
and from Eq.(29)
ja ∼ jI =
I1
2πaδ
(31)
which is very large, a factor of a/δ ∼ 100 larger than the average density
of the current, j = I
2pia2
, since I1 ≈ I. This suggests that in the narrow
layer at the edge of the tokamak, at the onset of the H mode regime where
there is a strong sheared poloidal rotation (i.e. high vorticity), there is an
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accumulation of the current density. This appears to be compatible with the
experimental observations (see Fig.9 of [33]).
This contribution to the current density in the layer is very large and
depends on the vorticity ω = ∂vθ/∂r. This is not unexpected since ∂ω/∂t =
(B/ρ)∇‖j‖ is the dynamics in the phase of the rise of the laminar sheared
flow in the H-mode layer [34]. This current is not transitory and persists as
long as there is no substantial change of the vorticity ω. We note that it is
not directly connected with the bootstrap current since the latter is generated
by the gradients in the pedestal. The fact that at the edge in H - mode there
is a vorticity-current layer have several consequences: the Resonant Magnetic
Perturbations (RMP) have difficulties to penetrate the shell of current; the
edge localized modes (ELM) should have a “tearing-mode” component [35].
6 Conclusions
This paper examines a connection between the vorticity, the current density
profile and the density (ω, q, n) as suggested by a frozen-in MHD invariant.
We have first briefly contrasted two classes of invariants useful in the
study of the plasma (and fluids): the topological invariants, which are non-
local; and Lagrangian and frozen-in invariants, which exist as local constrains
to the plasma dynamics. The latter can be very useful in applications, as
are the conservation of energy or angular momentum. We have noted two
difficulties, which still wait for solutions: (1) the dissipation renders the in-
variance approximative; (2) and, the conversion from Lagrangian to Eulerian
requires certain characteristics of the turbulence, essentially the ergodicity
that makes that an element of plasma carrying its ”charge” (Lagrangian in-
variant) can come close to any other element of plasma, in a finite region.
This problem is known in the evolution to coherent asymptotic states of the
2D Euler fluid [36].
We have mentioned the derivation of Lagrangian and frozen-in invari-
ants, to underline the particular distinction between the approach based
on MHD equations and respectively the turbulent equipartition. We have
examined the frozen-in MHD invariant derived by Sagdeev, Moiseev, Tur
and Yanovskii. The version for ions is particularly useful for the effects of
changes of the plasma sheared velocity. Especially the fast changes, like
the onset of sheard plasma rotation (vorticity) must be accompanied by a
change in the other plasma variables: safety factor q and density n. We
have mentioned that the connection between (ω, q, n) imposed by the SMTY
invariant suggests to consider all sources of sheared rotation (in particular
those able to form internal transport barrier) as connected with the q-profile.
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ICRH, ECRH become possible sources of changes on the profile of the cur-
rent density. Conversely, LHCD, by modifying the current profile, can induce
transient sheared rotation of plasma in a finite region. A very high vorticity
concentrated around the magnetic axis can expell the current density from
the center producing a current hole.
One of the objectives was to look for consequences of the invariance when
vorticity is changed by the ionization-induced plasma rotation (at pellet fu-
elling, or gas-puff or impurity seeding). We have illustrated this by two
examples: an effect contributing to the reversed-q profile in the plasma core
and the effect of accumulation of density of current in the H-mode rotation
layer at the edge.
Previous experimental observations that appear to be compatible with the
connection expressed by this invariant must be re-examined: pellet enhanced
performance, reversed shear (and enhanced reversed shear), current hole, etc.
Numerical work will certainly be very helpful.
Acknowledgments This work has been partly supported by the Roma-
nian Ministry of National Education, through the Grant 1EU-10.
References
[1] V. I. Arnold and B. A. Khesin. Topological methods in hydrodynamics.
Springer, New York, 1998.
[2] Peter Akhmetiev and Alexander Ruzmaikin. A fourth-order topological
invariant of magnetic or vortex lines. Journal of Geometry and Physics,
15(2):95 – 101, 1995.
[3] Fumihiko Tanaka. Gauge theory of topological entanglement, i. Prog.
Theor. Phys., pages 148–163, 1982.
[4] Fumihiko Tanaka. Gauge theory of topological entanglement, ii. Prog.
Theor. Phys., pages 164–177, 1982.
[5] F.Spineanu and M. Vlad. Statistical analysis of the linking number in
a stochastic magnetic field. Rom. Rep. Phys., 67:P.573–585, 2015.
[6] F. Spineanu and M. Vlad. Helicity fluctuation, gen-
eration of linking number and effect on resistivity
(http://arxiv.org/pdf/physics/0612248.pdf). Int. Rev. Phys, 1,
2007.
15
[7] M. G. Brereton and S. Shah. A gauge description of topological entan-
glements in polymers. J. Phys. A: Math. Gen., 13:2751–2762, 1980.
[8] H. K. Moffatt. Magnetic field generation in electrically conducting fluids.
Cambridge University Press, Cambridge England New York, 1978.
[9] B. A. Khesin and R. Wendt. The geometry of infinite-dimensional
groups. Springer, New York, 2009.
[10] M.B. Isichenko and A.V. Guzinov. lsotopological relaxation, coherent
structures, and gaussian turbulence in two-dimensional (2-d) magneto-
hydrodynamics (mhd). Phys. Plasmas, 1:1802–1816, 1994.
[11] R H Kraichnan and D Montgomery. Two-dimensional turbulence. Re-
ports on Progress in Physics, 43(5):547–619, 1980.
[12] D. Montgomery, W.H. Matthaeus, W.T. Stribling, D. Martinez, and
S. Oughton. Relaxation in two-dimensions and the ”sinh-poisson” equa-
tion. Phys. Fluids A, 4:3–6, 1992.
[13] E. Levich. Certain problems in the theory of developed hydrodynamical
turbulence. Physics Reports, 151(34):129 – 238, 1987.
[14] F. Spineanu and M. Vlad. Self-organization of the vorticity field in
two-dimensional quasi-ideal fluids: The statistical and field theoretical
formulations. Chaos, solitons and fractals, 81:473–479, 2015.
[15] F. Spineanu and M. Vlad. Field theoretical formula-
tion of the asymptotic relaxation states of ideal fluids
(http://arxiv.org/pdf/1312.6613.pdf) . arxiv, 2013.
[16] A. V. Tur and V. V. Yanovsky. Invariants in dissipationless hydrody-
namic media. Journal of Fluid Mechanics, 248:67–106, 3 1993.
[17] J. Pedlosky. Geophysical Fluid Dynamics. Springer Verlag, New York,
1987.
[18] A. Hasegawa and K. Mima. Pseudo-three-dimensional turbulence in
magnetized nonuniform plasma. Physics of Fluids, 21:87–92, January
1978.
[19] R.Z. Sagdeev, S.S. Moiseev, A.V. Tur, and V.V. Yanovskii. Problems
of the theory of strong turbulence and topological solitons. In R. Z.
Sagdeev, editor, Nonlinear phenomena in plasma physics and hydrody-
namics, Advances in science and technology in the USSR, pages 137–182.
MIR Publisher Moscow, 1986.
16
[20] M. B. Isichenko, A. V. Gruzinov, and P. H. Diamond. Invariant measure
and turbulent pinch in tokamaks. Phys. Rev. Lett., 74:4436–4439, May
1995.
[21] M. B. Isichenko, A. V. Gruzinov, P. H. Diamond, and P. N. Yushmanov.
Anomalous pinch effect and energy exchange in tokamaks. Physics of
Plasmas, 3(5), 1996.
[22] J. Nycander and V. V. Yankov. Anomalous pinch flux in tokamaks
driven by the longitudinal adiabatic invariant. Physics of Plasmas, 2(8),
1995.
[23] R. Salmon. Hamiltonian fluid mechanics. Annual Review of Fluid Me-
chanics, 20:225–256, 1988.
[24] F. Spineanu and M. Vlad. Effect of density changes on tokamak plasma
confinement (http://arxiv.org/pdf/1502.06093.pdf) . arxiv, 2015.
[25] P. Smeulders, L.C. Appel, B. Balet, T.C. Hender, L. Lauro-Taroni,
D. Stork, B. Wolle, S. Ali-Arshad, B. Alper, H.J. De Blank, M. Bures,
B. De Esch, R. Giannella, R. Konig, P. Kupschus, K. Lawson, F.B. Mar-
cus, M. Mattioli, H.W. Morsi, D.P. O’Brien, J. O’Rourke, G.J. Sadler,
G.L. Schmidt, P.M. Stubberfield, and W. Zwingmann. Survey of pel-
let enhanced performance in jet discharges. Nuclear Fusion, 35(2):225,
1995.
[26] M. Hugon, B.Ph. van Milligen, P. Smeulders, L.C. Appel, D.V. Bartlett,
D. Boucher, A.W. Edwards, L.-G. Eriksson, C.W. Gowers, T.C. Hender,
G. Huysmans, J.J. Jacquinot, P. Kupschus, L. Porte, P.H. Rebut, D.F.H.
Start, F. Tibone, B.J.D. Tubbing, M.L. Watkins, and W. Zwingmann.
Shear reversal and mhd activity during pellet enhanced performance
pulses in jet. Nuclear Fusion, 32(1):33, 1992.
[27] J.C. Cordey, C.D. Challis, and P.M. Stubberfield. Bootstrap current the-
ory and experimental evidence. Plasma Physics and Controlled Fusion,
30:1625–1635, 1988.
[28] R.J. Bickerton, J.W. Connor, and J.B. Taylor. Diffusion driven plasma
currents and bootsrap tokamak. Nature Phys. Sci., 229:110, 1971.
[29] C.S. Chang, C.K. Phillips, R. White, S. Zweben, P.T. Bonoli, J.E. Rice,
M.J. Greenwald, and J. deGrassie. Generation of plasma rotation by ion
cyclotron resonance heating in tokamaks. Physics of Plasmas, 6:1969–
1977, 1999.
17
[30] H Weisen, A Zabolotsky, X Garbet, D Mazon, L Zabeo, C Giroud,
H Leggate, M Valovic, K-D Zastrow, and contributors to the JET-
EFDA Workprogramme. Shear and collisionality dependences of parti-
cle pinch in jet l-mode plasmas. Plasma Physics and Controlled Fusion,
46(5):751, 2004.
[31] K H Burrell, T N Carlstrom, S Coda, E J Doyle, P Gohil, R J Groeb-
ner, J Kim, R A Moyer, W A Peebles, C L Rettig, T L Rhodes, and
D M Thomas. Constraints on theories provided by fast time response
er measurements across the l to h transition on diii-d. Plasma Physics
and Controlled Fusion, 38(8):1313, 1996.
[32] C. S. Chang, Seunghoe Kue, and H. Weitzner. X-transport: A baseline
nonambipolar transport in a diverted tokamak plasma edge. Physics of
Plasmas, 9(9), 2002.
[33] K. H. Burrell, W. P. West, E. J. Doyle, M. E. Austin, T. A. Casper,
P. Gohil, C. M. Greenfield, R. J. Groebner, A. W. Hyatt, R. J. Jayaku-
mar, D. H. Kaplan, L. L. Lao, A. W. Leonard, M. A. Makowski, G. R.
McKee, T. H. Osborne, P. B. Snyder, W. M. Solomon, D. M. Thomas,
T. L. Rhodes, E. J. Strait, M. R. Wade, G. Wang, and L. Zeng. Ad-
vances in understanding quiescent h-mode plasmas in diii-da). Physics
of Plasmas, 12(5), 2005.
[34] W. Horton. Nonlinear drift waves and transport in magnetized plasma.
Phys. Rep., 192:1–177, 1990.
[35] S.V. Bulanov and P.V. Sasorov. Tearing of a current sheet and recon-
nection of magnetic lines of force. Fiz. Plazmy, 4:746–757, 1978.
[36] Raoul Robert and Joel Sommeria. Relaxation towards a statistical equi-
librium state in two-dimensional perfect fluid dynamics. Phys. Rev.
Lett., 69:2776–2779, 1992.
18
